REFRACTION—DIFFRACTION OF IRREGULAR
WAVES OVER A MOUND

By Charles L. Vincent,' Member, ASCE, and Michael J. Briggs,’
Member, ASCE

AssTRACT: The transformation of monochromatic and directionally-spread imreg-
ular waves passing over a submerged elliptical mound was studied in a controlled
laboratory experiment, A directional spectral wave generator was used (o generate
waves with equal peak frequencies and spectral energy, along with monochromatic
waves of equivalent significant height and period. Spectra with both narrow and
broad frequency and directional spreads were generated. Resulis indicate that
monochromatic waves provide a poor approximation of irregular wave conditions
if there is directional spread or high wave steepness.

INTRODUCTION

Estimation of the refraction and diffraction of waves passing over com-
plicated bathymetry has been a persistent problem in coastal engineering.
Although the complexity of natural wave systems is recognized, most en-
gineering analyses of wave propagation over irregular bathymetry have been
based on representation of seastate by a monochromatic wave of height,
period, and direction usually chosen to approximate the significant wave.
The propagation problem is solved either empirically in a scaled physical
model or numerically by linear and, more recently, nonlinear approxima-
tions. The use of advanced propagation models rose out of the need to avoid
caustics that arise in linear calculations. These numerical methods have been
successful at replicating monochromatic wave propagation over severe bot-
tom curvatures in laboratory tests (Berkhoff et al. 1982, Ebersole 1985).
Spectral models for wave propagation exist in varying degrees of complex-
ity, but are generally based on linear wave theory for propagation of indi-
vidual wave components and are rarely employed on grid meshes with the
resolution of the monochromatic techniques. The monochromatic approxi-
mation for spectral wave conditions inherently assumes that the represen-
tation is adequate, or at least conservative.

The development of a wavemaker at the U.S. Army Engineer Waterways
Experiment Station’s Coastal Engineering Research Center (CERC) capable
of generating a controlled directional spectrum allows investigation of the
adequacy of the monochromatic approximation for simulating propagation
of natural seastates over irregular bathymetry. The bathymetry for the tests
was an elliptical shoal similar to that of Berkhoff et al. (1982). The concept
of the experimental design was to select a monochromatic wave of height
H, period T, and direction i that would represent a seastate of significant
height H,, peak period T,, and overall mean wave direction 8. It is possible
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to create an infinite number of directional spectra S(f,0) with the H,, T,,
and 8 required, and an infinite number of time history realizations for each
spectrum. The scope of this research was confined to four combinations of
narrow and broad frequency and directional spreading representative of nat-
urally occurring wave environments. A total of 17 test cases were run. The
variation of height, period, and direction in the basin was represented as
Hix,y), T{x,y). and 8(x,y), respectively. Corresponding normalized quan-
tities A = Hix,y)/H,, B = T(x,y)/T,, and C = 8(x,y)/8, were formed by
dividing by the incident condition (assumed to be uniform along the wav-
emaker). For the irregular waves, H,, T,, and B are used in A, B, and C.
Monochromatic tests are denoted by a subscript m (A,,,B,,,C,,) and irregular
tests by subscript i (A, B,,C,). The experiment consisted of generating and
measuring waves and then forming the quantities A, B, and C for a large
number of locations in the basin. Any difference between A, B,, C,, and
A, B, C, provides a measure of the divergence of the monochromatic ap-
proximation to natural seastates. Differences among A,, B,, and C, for the
spectral cases would indicate the relative importance of directional versus
frequency spread. This paper reports on wave height only. The period pat-
terns showed little variation. The directional analysis is more difficult and
requires separate treatment.

Although the conceptual design is simple, underlying assumptions and im-
plicit decisions are made that should be recognized at the outset. First,
Thompson and Vincent (1985) reported the difficulty of comparing irregular
and monochromatic waves, pointing out that one can match varying com-
binations of H,, and H, for the irregular waves with H,, and H for the
monochromatic. Here, H,,, and H were matched, which would be the typical
engineering approach. In any case, the differences between A, based on H,,,
and A; based on H, were small. Second, with irregular waves, random su-
perposition can cause wave breaking that would not occur with small mono-
chromatic waves. This is an essential feature of irregular waves in nature,
s0 cases were selected in which breaking was not a dominant feature and
an attempt to quantify its effect was made. Third, although the irregular
wave conditions were reasonably consistent along the wavemaker, the finite
length of the wavemaker restricts the region in the basin over which ho-
mogeneity can be assumed, even when a shoal is not present. Finally, only
one realization per spectrum was generated, but that realization was gen-
crally repeated several times to quantify experimental consistency. This is
quite different from selecting additional realizations.

This experiment allowed quantification of the differences between the re-
fraction/diffraction patterns of a monochromatic wave and irregular scastates
of similar summary statistics, and some definition of the parameters causing
these differences. The tests by no means exhaust the possibilities of the gen-
eral problem of refraction and diffraction of irregular waves, but serve as a
first attempt to identify important factors for further experiments. Coinci-
dentally, data for verifying irregular wave propagation models were ob-
tained.

Test SeT-Up

The shoal tests were conducted in CERC's 35 m (114 ft) wide by 29 m
(96 ft) long directional spectral wave basin. The bathymetry (Briggs and
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FIG. 1. Locations of Elliptical Shoal and Measurement Transects

Hampton 1987) is uniform with a maximum variation of 9 mm (0.35 in.).
The perimeter is lined with wave absorber frames that provide sufficient
wave energy attenuation to prevent adverse reflections.

Waves are generated with the directional spectral wave generator (DSWG).
It is 27.43 m (90 ft) long and consists of 60 paddles in four portable mod-
ules, each 46 cm (1.5 ft) wide and 76 cm (2.5 ft) high. The paddles are
individually driven at each of the 61 joints in translational motion by electric
motors using the “snake principle.” Flexible plastic plate seals slide in guides
between each paddle to provide continuity (Outlaw 1984).

A 6.10 m (20 ft) wide by 15.24 m (50 ft) long measurement arca was
centrally located in front of the DSWG (Fig. 1). The center of the shoal was
located at coordinates x = 6.10 m (20 fi) and v = 13.72 m (45 ft). Surface
elevation time histories were measured using an array of nine parallel-wire
resistance-type sensors. They were spaced 76 cm (2.5 ft) apart in an alu-
minum frame that minimized the amount of interference from support legs.
Fig. | illustrates the nine positions (5 parallel to the DSWG and 4 perpen-
dicular) within the measurement area. A tenth gage was located at X = 3.05
(10 ft) and ¥ = 21.34 m (70 ft) as a reference gage for normalizing. Pho-
tographic and and cinematographic records of the patterns created by the
different wave conditions were recorded from an overhead catwalk located
parallel to the DSWG at X = 9.14 m (30 ft).

The elliptical shoal was patterned after Berkhoff et al. (1982) with a major
radius of 3.96 m (13 ft), minor radius of 3.05 m (10 ft), and a maximum
height of 30.48 cm (1 ft) at the center. It was constructed with sand between
aluminum ribs and had a 5.08 cm (2 inch) mortar cap (Fig. 2). The shoal
boundary or perimeter is defined by
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FIG. 2. Photograph of Elliptical Shoal and Directional Speciral Wave Generator

where X' and Y’ are localized coordinates centered on the shoal denoting
minor and major axes, respectively. The elevation at any point in the shoal
cross-section E, in meters is given by

0ns

x 2 yr 24 0.
E,=—D,45T2+{].76201—(—) —(—_) T |
3.81 4.95

All tests were run in 45.72 cm (1.5 ft) water depth & so the distance at the
center of the shoal to still water level was 15.24 em (0.5 ft).

ConTROL SIGNAL GENERATION

A Digital Vax 11/750 was used to generate and transmit the control sig-
nals, monitor DSWG feedback, and collect, analyze, and store wave data.
For the monochromatic waveforms, the governing equation for the control
signal 5. to each of the 61 DSWG paddles at location vy and time ¢ is

s
S‘(}~,f1=;cns[2wﬁ+¢,.} PP 3

in which § = double amplitude stroke; f = frequency; and &, = offset phase

controlling wave direction, 0 for waves in this study. This time series is

multiplied by the height-to-stroke transfer function H/§ for this frequency

to obtain the desired wave height in the basin (Biesel 1954, Sand 1979).
The directional wave spectrum S( f,8) was defined as

L T T e ————
in which S(f) = a one-dimensional frequency spectrum given by
sm=f SUABAD . .ot (5)
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and D(f,8) = a directional spreading function that satisfies

f DURIBAT S, . oo s s S R S S S R (6)
o

The TMA shallow-water spectral form (Bouws et al. 1985) was selected as
the target frequency spectrum, and a wrapped normal function was used for
the directional spreading function (Borgman 1984). The TMA spectrum (named
for the Texel, MARSEN and ARSLOE data sets) is a function of five pa-
rameters: peak frequency f,, alpha constant «, peak enhancement factor vy,
spectral width parameter o, and water depth . A Fourier series represen-
tation for the wrapped normal spreading function is

1, .. B lo,.)
D(f,0) = ; +-2e;p{—“;) }cos 100 = WY e v (7

=1

in which 6, = mean wave direction at frequency f; o, = directional spread-
ing parameter or spreading standard deviation at frequency f, and L = ar-
bitrary number of harmonics chosen to represent the Fourier series.

Realizations of a desired time series for directional wave spectrum for each
of the 61 DSWG paddles were simulated in the frequency domain using a
deterministic amplitude, random phase method (Briggs et al. 1987). A uni-
form Gaussian white noise spectrum is multiplied by the target TMA spec-
trum to give a sample spectrum. The method is equivalent to filtering the
Gaussian signal in the frequency domain. The pseudointegral model for the
irregular, random surface elevation time series 7 is

L A
NEY ) =2 D D A €0 (kyx 08 0 + kyy sin 8 — 2afut + bp) ... (8)

m=1 j=1

in which x and y = coordinates of each of the 61 DSWG paddles; t =
incremental time step = nAf; A, = deterministic amplitude of a wave trav-
eling in 8; direction = \/25( f, B)dfd®; and ¢,, = random phase, independent
over frequency and direction and uniformly distributed over the interval (0, 2m).
The simulated directional spectrum is adjusted, if needed, to match a spec-
ified input variance for the spectrum. The amplitudes in Eq. 8 can be related
to the Fourier coefficients and inverted rapidly, using a “235" fast fourier
transform (FTT) to obtain the desired time series. The length of the time
series N must be a product of the powers of 2, 3, and 5 such that

These random wave realizations are then multiplied by a constant dimen-
sionless wavemaker frequency response function to obtain the desired DSWG
stroke time series.

For wave generation, an A/D rate of 20 Hz was used. The lower and
upper frequency cutoffs used were 0.5 and 1.50 Hz, respectively. The over-
all mean wave direction 8 for all test cases was 0°

TesT CONDITIONS

The total test program reported in this paper consisted of 17 test cases.
An initial series of test conditions comprised five cases: one monochromatic
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TABLE 1. Test Conditions for Shoal Test Series

Test Case Period Height .,
number D Type (sec) (ermn) © ¥ (deg)
(1) (2) (3) (4) (5) (6) (7) (8)
{a) Imtial Series
| Ml Mono 1.30 5.50 — — —
2 Nl Spec 1.30 7.75 0.01440 b4 10
3 Bl Spec 1.30 1.75 0.01440 2 30
4 N2 Spec 1.30 7.75 0.00440 20 10
5 B2 Spec 1.30 7.5 0.00440 20 o
(&) Unidirectional Series
6 ol Spec 1.30 7.75 0.01440 2 0
T 2 Spec 1.30 7.75 0.00440 20 0
{c) Non-Breaking Series
8 M2 Mono 1.30 2.54 — - —
9 3 Spec 1.30 2.54 0.00155 2 0
10 N3 Spec 1.30 2.54 0.00155 2 10
11 83 Spec 1.30 2.54 0.00155 2 30
12 U4 Spec 1.30 2.54 0.00047 20 0
13 N4 Spec 1.30 2.54 0.00047 20 10
14 B4 Spec 1.30 2.54 0.00047 20 30
{d) Breaking Series
15 M3 Mono 1.30 13.50 — — —
16 R5 Spec 1.30 19.00 0.08650 2 30
57 NS Spec 1.30 19.00 0.02620 20 10

(M1) and four (N1, B1, N2, and B2) directional spectral (N = narrow and
B = broad directional spreading). Equivalent wave heights were used in this
series. Based on the results from this initial series, 12 additional cases were
generated to investigate the effects of different factors, including directional
spreading, wave amplitude, and breaking. These additional cases were mea-
sured on Transect 4 only. Table 1 summarizes the wave parameters for each
of these cases.

For the M1 monochromatic case, an equivalent wave height relative to the
spectral height was defined by

H

iy

\—ﬁ .......................................................... (10)

Two TMA frequency spectra with the same peak frequency were generated.
Spectral peakedness values of y = 2 and 20 provided a broad and narrow
frequency spectra, respectively. The « value was selected to give the target
H,., wave height. These frequency spectra were paired with narrow (o, =
107) and broad (o,, = 30°) directional spreading defined by Eq. 7. Figs. (3a—
by illustrate measured and predicted frequency spectra and directional spreading
functions, respectively.
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Wave DaTta COLLECTION AND ANALYSIS

Wave elevation data were sampled at 50 Hz for each of the ten wave
gages. For the monochromatic waves, 1,820 points (36.4 sec) of data rep-
resentative of 28 cycles were collected. For the spectral waves, Goda (1985)
recommends collecting a minimum of 200 waves at the peak period, so 260
sec of data or 13,000 data points were measured. A sufficient waiting time
was allowed to elapse after start of the DSWG prior to collection to permit
the slower-traveling high frequency component waves to travel to the remote
transect 5 (Fig. 1).

Wave height and period information were obtained using zero-crossing
and spectral analysis methods. Thompson and Vincent (1985) found that the
H,., value calculated for shallow water can be substantially less than the
significant wave height H, obtained from zero-crossing analyses. With this
fact in mind, a comparison of the wave heights calculated using the two
different methods indicated very good agreement with minor differences only
at the top of the shoal. The wave height values presented in this paper used
the zero-crossing method, The H,, values are documented in a report by
Briggs (1987).

Frequency spectra and directional spreading were determined using a di-
rectional spectral analysis method. Prior to construction of the shoal, a spa-
tial array of nine gages was used to obtain frequency and directional spread-
ing characteristics of each of the spectral wave conditions. The measured
surface data for each gage was zero-meaned, windowed, Fourier-transformed
with the “235" FFT, and Gaussian-smoothed in the frequency domain to
obtain the cross-spectral matrix of auto- and cross-spectra. This matrix is
substituted into the parameterized spreading function to obtain a set of si-
multaneous, linear equations. A linear, stepwise regression model was used
to solve for the Fourier coefficients of the spreading function (Borgman 1984).

Several runs of each test case for a particular transect were made. Cross-
plots of measured heights showed a high degree of repeatability among tests
for the different gage locations. Replications were typically within 5 percent
of the average.

LaBoraToRY TEST RESULTS

Initial Series

The normalized wave height ratio A is contoured as a function of (x,y)
position in the laboratory basin in Figs. 4(a—e) for the initial series of test
cases 1-5. The dashed line on these figures represents the outline of the
elliptical shoal. These tests (M1, N1, N2, B1, and B2) correspond to a mono-
chromatic wave, and the four combinations of narrow or broad frequency
and directional spreading. Although the five cases all have distinctly differ-
ent patterns of wave height amplification and reduction, the difference be-
tween the monochromatic wave and irregular wave cases is dramatic, The
pattern associated with monochromatic waves shows a strong convergence
region behind the mound where wave height amplification reaches 2.6. There
are two regions to the side in which the wave height ratio is significantly
less than 0.6. The directional spectral waves, in contrast, have no amplifi-
cation greater than 1.4, which is almost 50% less than the monochromatic
case. Given the grear difference in amplification, the narrow directional spread
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FIG. 4. (a)-(e) Three-Dimensional Surface of Normalized Wave Heights for Initial
Series Test Cases 1-5

cases (N1,N2) have patterns most similar to the monochromatic case. The
greatest contrast is between the monochromatic case, with its strong focus-
ing, and the broad directional cases, in which the waves appear only barely
perturbed in passing over the mound.

Intercomparison of the four directional spectral cases indicates that the
patterns for the two narrow spread cases (N1,N2) are reasonably similar,
and that the two broad spread cases (B1,B2) are likewise similar. The great-
est difference in separating the spectral cases is the amount of directional
spread, rather than the peakedness (spread in frequency space) of the spec-
trum. This difference can be seen in the plot of the normalized wave heights
along transect 4, which cross close to the region of maximum amplification.
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Unidirectional Series

To further investigate the effect of directional spread, two unidirectional
cases (cases 6 and 7: U1 and U2) with the same frequency spectra but no
directional spreading were generated and compared to the previous five cases.
Fig. 5 shows these two cases have similar patterns and are more like the
monochromatic waves than the directional spread cases, although substantial
differences remain.

Nonbreaking Series

At this point it was clear that the presence of directionality was of greatest
significance in determining the major differences seen. In the monochro-
matic case, no wave breaking was observed. In the irregular wave cases,
particularly with the narrow spread cases, occasional superposition of waves

FIG. 4. (Continued)

278



13.72 A

90
L4 C/ ‘i‘lﬁf
10.67 0> 90~ | AR
3.05 6.10 914 12.18 15.24
FIG. 4. (Continued)
DISTANCE ALONG WAVEMAKER, FT
35 40 45 50 55
3 T 1 T T T
LEGEND
« M1
e - U
] a N1
% 2F o Bi B
w o U2
2 o N2
=
(]
L
[l
21
< i =g
=
c
o
=
0 | 1 1 1 1 |
10 11 12 13 14 15 16 17

DISTANCE ALONG WAVEMAKER, M

FIG. 5. Normalized Wave Heights Along Transect 4 for Initial and Unidirectional
Series Test Cases 1-7

279



DISTANCE ALONG WAVEMAKER, FT

35 40 45 50 55
3 T T T T T
LEGEND
* M2

= . U3
) a4 N3
w
T2 ' o B3 1
g u4
<
=
0
w
™
2
=
o
O
z

0 1 | i 1 L i

10 11 12 13 14 15 16 17

DISTANCE ALONG WAVEMAKER, M

FIG. 6. Normalized Wave Heights Along Transect 4 for Non-Breaking Series Test
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induced some breaking in the vicinity of the mound. Although visual ob-
servation did not suggest that this was a pervasive influence on the results,
seven additional tests (cases 8—14: M2, U3, N3, B3, U4, N4, and B4, re-
spectively) were run with small waves in which no breaking occurred.

As in the initial series, the pattern of normalized wave height variation
again grouped according to amount of directional spread (Fig. 6). Those
cases with o, = 10 and 307 are still very different from the monochromatic
case. The unidirectional case is most similar to the monochromatic case.
These tests verify that directional spread in the initial cases was responsible
for the dramatic differences between the four irregular wave cases and the
monochromatic case.

Breaking Series

To demonstrate the effect of large scale breaking, a series of three tests
(cases 15-17), one monochromatic (M3) and two spectral (B5 and N5), were
generated and measured. All had large enough wave heights to ensure sig-
nificant breaking over the shoal. The two spectral cases bracketed the fre-
quency and directional spread conditions previously tested: case BS with wide
spreads and case N5 with narrow (Table 1). The normalized height patterns
(Fig. 7) clearly show that the shoal produces significant decrease in wave
height with only minor differences in the wave height patterns. The results
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suggest that computing a transter function such as A, for nonbreaking wave
conditions and then using it if breaking occurs over a shoal will be mis-
leading.

ANALYSIS

Our objective was to establish how well a monochromatic wave repre-
sented irregular waves for the case of strong bathymetric induced wave con-
vergence. The conclusions reached for the elliptical shoal are the following:

|. Monochromatic waves overestimate the maximum amplification of irreg-
ular waves with typical directional spreads (i.e., o,, = 10 and 30%) by 50 to over
1005 .

2. Monochromatic waves indicate existence of two divergence zones that either
are not, or only minimally, present for irregular waves with typical directional
spreads. As a consequence, the monochromatic waves underestimate wave heights
by up to 50% in these zones.

3. The degree of directional spread in the irregular wave cases is a more sig-
nificant parameter than the spread of energy in frequency space, for the cases
modeled.

4. Both the monochromatic and irregular wave height amplification patterns
are sensitive o incident wave height.
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5. The monochromatic wave tests provide a good representation (error of 5-
10%:) of the irregular cases only if the waves are unidirectional and small. The
situation of no directional spread may be artificial and unlikely to occur outside
the laboratory.

The elliptical shoal is one of the classic examples by which the inadequacy
of linear monochromatic wave ray theory has been illustrated in the past,
and is one basis on which more sophisticated monochromatic wave propa-
gation models have been judged. Our results indicate that monochromatic
waves are a poor substitute for irregular waves if realistic directional spreads
are present for the case of irregular bathymetry.

The tests examined one mound and a range of spectral conditions that
represent, to some degree, the extremes of spectral shape for a single peak
spectrum. It is not possible to address definitively the general problem of
irregular wave propagation over an arbitrary bottom. However, some points
are relevant to the use of monochromatic waves to represent natural sea-
states. First, if the bathymetry produces strong wave convergence, it seems
unlikely that a monochromatic approach will provide accurate results. Sec-
ond, refraction-diffraction patterns are sensitive to wave amplitude, and hence
it may be unwise to compute a refraction—diffraction solution for a unit wave
height and use a transfer function approach if large waves are to be calcu-
lated, Third, the differences are minimized only if the condition of no spread
and low amplitude is satisfied.

Test results indicate that directional spreading has a substantial effect. High
quality directional information appears to be a prerequisite for accurate en-
gineering design. Such data are not generally available from measurements,
and wave hindcast directional resolutions are usually too broad. Conse-
quently, selection of an appropriate directional spread may require consid-
erable judgment for which little data or experience is available.

These tests were an initial examination of the problem of refraction—dif-
fraction of irregular wave trains. From the experimental point of view, the
results were reproducible in repetitive tests, and the significant differences
observed exceeded error levels due to measurement reproducibility. With
spectral conditions in particular, it is difficult to assure exactness of repli-
cation, and some small differences may be due to randomness of the phe-
nomena. The tests do not represent an exhaustive examination of all possible
directional spreads and frequency spectrum shapes. However, they do span
a fairly wide range in shapes, spreads, and energy levels for a fixed peak
period. Thus, the implications of the difference found are likely to apply to
a range of natural conditions.

SuMMARY

Experiments were conducted with the CERC directional spectral wave
generator to examine the difference in the pattern of wave heights behind
an elliptical shoal for monochromatic and irregular waves of similar height,
period, and mean direction. The test results indicate that monochromatic
waves deviate by as much as 50 to over 100% from irregular waves with
typical spectral shapes and directional spreads. Investigation of the cause of
the difference included relative amounts of frequency and directional spread-
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ing in the spectrum, steepness effects, and breaking. The most significant
factor was the amount of directional spread.
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AppenDix Il. NoTaTION
The following svmbols are used in this paper:

A = normalized wave height;
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A,, = deterministic spectral amplitude;
B = normalized wave period;
C = normalized wave direction;
D(f,8) = directional spreading function;
E, = elevation along shoal cross-section;
f = frequency;
f, = spectral peak frequency;
H = wave height;
H; = incident wave height,
H,, = zero-moment wave height;
H, = significant wave height;
H/S = height-to-stroke ratio;
h = water depth;
k = wave number;
L = number of harmonics in Fourier series;
N = length of time series;
n = time domain summation index;
§ = double amplitude stroke;
SA{y.,t) = wavemaker stroke control signal;
S(f) = frequency spectrum;
S(f.8) = directional wave spectrum;
T = wave period;
T, = incident wave period;
T, = spectral peak period;
r = time;
X = global coordinate direction;
X' = shoal minor axis;
x = x-axis coordinate;
Y = global coordinate direction;
Y" = shoal major axis;
y = y-axis coordinate;
o = TMA spectral parameter;
vy = peak enhancement factor;
At = time step;
n = irregular, random surface elevation;
6 = wave direction;
8 = overall mean wave direction;
8, = mean wave direction at frequency f;
8, = incident wave direction;
o = TMA spectral width;
o, = directional spreading standard deviation at frequency f;
¢, = random phase; and
b, = offset phase angle for wavemaker.
Subscripts
¢ = control signal;
i = irregular wave,
‘= summation index for direction;
m = summation index for frequency; monochromatic wave; mean;
p = peak:
§ = spectral; shoal; and
O = incident condition.



Errata Journal Paper

We discovered a couple of minor mistakes in Figures 6 and 7 in the paper and report (see
attached pages). The hand-written notes on the report pages are the equivalent symbols
used in the journal paper.
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FIG. 6. Normalized Wave Heights Along Transect 4 for Non-Breaking Series Test
Cases B8-14
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FIG. 7. Normalized Wave Heights Along Transect 4 for Breaking Series Test Cases
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